
3. Coste, Rudd, D., and N. R. Amundson, Can. J. Chem. Eng., 

4. ’ Deans, H. A., and Leon Lapidus, AZChE J., 6,656 ( 1960). 
5. Finlayson, B. A,, and L. E. Scriven, Appl. Mech. Rev., 19, 

6. Hsu, C. J., AZChE I., 11,938 (1965). 
7. Irving, J., and N. Mullineux, “Mathematics in Physics and 

8. Kramers, H., and K. R. Westerterp, “Elements of Chemical 

9. Lee, E. S., Chem. Eng. Sci., 21, 143 (1966). 
39,149 (1961). 10. McGuire, M. L., and Leon Lapidus, AZChE J.,, 11, 85 

11. Mickley, H. S., and R. W. M. Letts, Can. J. Chem. Eng., 

12. Zbid., 42, (1964). 
13. Villadsen, J. V., and W. E. Stewart, Chem. Eng. Sci., 22, 

1483 (1967). 
14. von Rosenberg, D. U., P. L. Durrill, and E. H. Spencer, 

15. Wissler, E. H., Chem. Eng. Sci., 24, 527 (1969). 

(1965). 

735 ( 1966). 41,273 (1963). 

Engineering,” Academic Press, New York ( 1959). 

Reactor Design and Operation,” Academic Press, New Brit. Chem. Eng., 7, 186 ( 1962). 
York ( 1963). 

I 11. Effect of Recycle 

This paper reports on an investigation of the individual 
effects of radial gradients and axial mixing on the steady 
state and stability characteristics of the tubular reactor- 
recycle system, differing in this respect from most previous 
studies which have concentrated on the case in which the 
reactor is a plug-flow tubular reactor (PFTR). 

Bilous and Amundson (2)  used Laplace domain tech- 
niques to show that unstable steady states are possible in 
the PFTR-recycle system. A thorough analysis of the 
PFTR-recycle system by Reilly and Schmitz (9, 10) 
showed that multiple steady states and unique unstable 
steady states are also possible. The transient behavior of 
the system was represented by a system of discrete equa- 
tions, relating the reactant concentration and temperature 
of an element of fluid on its (k + 1)th pass through the 
reactor exit to the conditions on the kth pass through the 
exit. 

Luss and Amundson ( 5 )  restricted their analysis to the 
adiabatic PFTR-recycle system, which allowed a graphi- 
cal argument to be used to locate the steady states and 
determine their stability character. Root and Schmitz (1 1 ) 
investigated the adiabatic PFTR-recycle system experi- 
mentally and verified the presence of multiple steady 
states. 

Schmeal and Amundson (12) solved the unsteady state 
material balance for an isothermal tubular reactor with 
axial mixing and recycle (TRAM-recycle) . The analysis 
showed that the addition of a recycle line to the TRAM 
changes the character of the unsteady state response from 
nonoscillatory to oscillatory; that is, the dominant eigen- 
value of the linear system changes from a real to a com- 
plex number. 

THE TUBULAR REACTOR WITH RADIAL 
MIXING AND RECYCLE 

The steady state material and energy balances and the 
boundary conditions of the tubular reactor with finite 
radial mlxing were given in Part I1 ( 8 ) :  

(3)  

l o  l o  

(4)  
An additional condition is needed at the reactor entrance 
in order to account for the recycle line. It is assumed that 
the recycle line is adiabatic, that no chemical reaction oc- 
curs outside the reactor, and that the recycle stream 
passes instantaneously from the exit to the entrance of 
the reactor, where it is instantaneously mixed with fresh 
feed. Inspection of the schematic flow diagram in Figure 1 
shows that 

z = 0 :  y(0,r)  = YO = ( 1  - Rr)  + RrT(1) 

? ( O ,  r )  = TO = ( 1  - Rr)  TF + RrT(1) 

( 5 )  

where L( 1)  and ;( 1) are the radial average concentration 
and temperature at the exit: 

1 
(6)  

(7) 

- 
y(1 )  = 2  & y(1,r)  r d r  

T(1) = 2 l1 T ( L r )  T dr 
- 

The last assumption-instantaneous recycle-is seldom 
satisfied in practice. Indeed, the presence of dead time in 
the recycle line can be a prime cause of instability in such 

R r  
Fig. 1. Schematic diagram of tubular reactor recycle system. 
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a system. In the discussion of the TRRM-recycle system 
that follows, however, it will become evident that this 
system is unaffected by dead time in the recycle line, be- 
cause the different elements of fluid in the reactor and the 
recycle line behave independently of one another. 

Local Stability and Shady State Analysis 

Since no axial dispersion is present in the TRRM-recycle 
system, each slab of fluid perpendicular to the reactor axis 
behaves independently of every other slab. Thus the same 
technique used by Reilly and Schmitz (9) in their analy- 
sis of the PTFR-recycle system may be adopted. The 
transient behavior of the system follows the discrete equa- 
tions 

fv  7)0 (k )  1 (8)  

f,, l l O ' k ' l  (9)  

yO(k t 1) = 
7 ) 0 ( k + l )  = 

where the superscripts (k) and ( k  + 1)  refer to the kth 
and the (k  + l)th pass of a given slab of fluid around the 
reactor-recycle loop, and and refer to the re- 
actant concentration and temperature of the slab of fluid 
as it passes through the reactor entrance on its kth pass. 
Equations (8)  and (9)  are linearized about the steady 
state operating conditions to give 

y O ( k  + 1 )  

[ , , ( k + l ) ]  = 

Using the chain rule, the matrix K is expanded to 

In Equation ( l l ) ,  the variables v,(l), gn(l), v,(l), 
and v,,( 1) are radial averages of the first partial deriva- 
tives of the reactant concentration and temperature at the 
reactor exit with respect to both entrance concentration 
and temperature. The auxiliar variables-U,,U,, V,, and 

and boundary conditions: 
V,-are described by the folowing r 
-=--- a [ r + ]  

a [r?] 

system of equations 

au, 1 
az N ~ ~ .  r ar 

- w/, 7)) u, - R,,(y, 7) v, (12) 

----- au7I - 1 
az N~~~ T ar 

av, 1 1 a 
az N~~ 7 ar 

av,, - 1 1 a 

- %(y,TJ) u,, - %(y,,) v,, (13) 

-=--- 

+ yZu(Y,?) u, + %I(y ,d  vu (14) 

az N~~ T ar [+I 
+ Rdy ,  7)) u,,+ 'Iz,(y, 7)) v,, (15) 
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z = 0: U,(O, r )  = V,,(O, r )  = 1, 

I 1  

The necessary and sufficient condition for Equation 
(10) to be asymptotically stable and for the steady state 
of the TRRM-recycle system to be locally stable is that the 
magnitudes of the eigenvalues of the matrix K are less 
than unity (9). 

Equations ( 12) through (15) are solved simultaneously 
with the steady state material and energy balances. The 
auxiliary variables are also used in the Newton-Raphson 
iterative solution for the entrance and exit concentration 
and temperature distributions that satisfy the recycle 
boundary condition at the feed point. The details of the 
Newton-Raphson computation are discussed in detail in 
the Reilly and Schmitz paper (9). The elements of the 
matrix K are evaluated using the results of the final New- 
ton-Raphson iteration. As a result, no further computa- 
tions are required to determine the local stability charac- 
ter of the system once the steady state profiles have been 
obtained. 

The Collocation Method 

The collocation method, a form of the method of 
weighted residuals, is used to solve the steady state mate- 
rial and energy balances of the TRRM-recycle system. In 
Part I1 of this series (8) it was shown that the collocation 
solution is in excellent agreement with a solution obtained 
using an implicit finite-difference technique, even when 
only five collocation points are used. The collocation 
method requires substantially less computation than the 
finite-difference solution to generate numerical solutions 
of comparable accuracy. 

The collocation method reduces Equations (1 )  and (2)  
to a system of ordinary differential equations, describing 
the axial profiles of y and at a series of collocation points 
(8). Similar reduced collocation equations are obtained 
for the Newton-Raphson auxiliary variables. 

The radial averages of y, 11, U,, U,,, V,, and V,, at the 
reactor exit are computed using the quadrature expression: 

1 m + l  

S, f ( r >  d r =  wj f ( r j )  (19) 
j = 1  

in which rj is the jth collocation point, and the quadrature 
constants Wj are computed using the same procedure used 
to obtain the collocation constants (12) .  The resulting 
expressions for 3j (  1) and T( 1) are 

5(1)  = 

(20) 
I 2 [ 5' wj y(1,rj) + ( w m  + w m + 1 )  y ( l r r m )  

j = 1  
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( m - 1  

- 
V u ( l ) ,  a n d V , ( l ) .  

The axial profiles of y, 9, U,, U,, V,, and V, at the col- 
location poi& are obtkned by numerical integration of 
the reduced collocation equations from z = 0 to z = 1, 
using the initial conditions 

z = 0: y ( O , r i )  = yo, T(0,r i )  = T O  

U,(O, T i )  = v, (0, T i )  = 1 
u, (0 ,  T i )  = v, (0 ,  T i )  = 0 

Numerical Results 

Steady state operating curves, showing the radial aver- 
age reactant concentration at the reactor exit as a function 
of the feed temperature, were generated for various com- 
binations of the radial Peclet numbers and the heat trans- 
fer coefficient. As a by-product of the steady state com- 
putation, local stability character was determined using 
the Newton-Raphson auxiliary variables as described 
earlier. 

The chemical reaction was assumed to be first order and 
irreversible, with Arrhenius temperature dependence 

R ( y , ? )  = ko’exp(-y/a) y (23) 

For convenient comparisons, the dimensionless parameters 
are taken from Reilly and Schmitz’ analysis of the PFTR- 
recycle system (9) : 

v w  = 2.50 y = 75 

R, = 0.5 ko’ = 1.0 x 10” 

Steady state operating curves are shown in Figure 2 for 
a range of values of the radial Peclet numbers and for a 
heat transfer coefficient equal to 0.79. Figure 3 shows 
similar curves for Peclet numbers ,equal to five and for 
several values of the heat transfer coefficient. Five colloca- 
tion points were used in the solution of the steady state 
and the Newton-Haphson auxiliary equations. The loca- 

Ur ~0.79 R r  ~ 0 . 5  

FEED TEMPERATURE TF 

Fig. 2. Steady state operating curves for TRRM-recycle system. 
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Fig. 3. Steady state operating curves for TRRM-recycle system. 

tions of the collocation points and the collocation constants 
for the Laplacian and quadrature expressions are given in 
Part I1 (8). The collocation equations were integrated 
using the fourth-order Runge-Kutta formula ( 3 ) ,  with the 
integration increment ranging between 0.01 for N p e  = 25 
and 0.00125 for N p e  = 0.5. 

Those steady states found to be unstable are marked 
“x,” while locally stable steady states are marked “0” in 
the figures. All steady states located on the positively 
sloped portions and some located on the lower negatively 
sloped portions of the operating curves are unstable and 
therefore unattainable in the absence of external control. 

Discussion 

In Part I1 it was shown analytically that the TRRM sys- 
tem reduces to an adiabatic plug-flow tubular reactor in 
the limit as radial dispersion approaches zero, and to a 
nonadiabatic PFTR with heat transfer coefficient equal to 
twice that of the TRRM system (U , l  = 2U,) in the limit 
as radial mixing approaches infinity. Thus the steady state 
operating curves for N P e  = co (zero radial dispersion) 
and N p e  = 0 (infinite radial dispersion) in Figure 2 are 
identical to those of the PFTR-recycle system for U /  = 0 
and U /  = 2 x 0.79 = 1.58, respectively. Figure 2 shows 
that the steady state and stability characteristics of the 
TRRM-recycle system exhibit uniform transitions between 
the characteristics of the two limiting cases. The steady 
state operating curve for U ,  = 0 in Figure 3 also cor- 
responds to the operating curve for the adiabatic PFTR- 
recycle system. 

Further examination of the operating curves in Figures 
2 and 3 shows that (1) for Peclet numbers less than about 
2.5 and U ,  = 0.79 and for heat transfer coefficients up to 
at least 2.0 and N p e  = 5, three steady states exist for 
limited ranges of the feed temperature, and unique steady 
states exist otherwise; ( 2 )  unique steady states are locally 
stable except for Peclet numbers between approximately 
1.5 and 2.5 and U ,  = 0.79. In this range, some unique 
steady states are unstable, resulting in a limit cycle or 
continuous oscillation of the reactant concentration and 
temperature. And (3) in systems having three steady 
states, the low conversion steady state is always locally 

AlChE Journal (Vol. 17, No. 4) 



stable, the intermediate steady state is always unstable, 
and the high conversion steady state is usually but not 
always locally stable. The high conversion steady state 
may be unstable for U ,  = 0.79 and radial Peclet numbers 
less than about 5 and for Npe = 5 and a heat transfer 
coefficient greater than about 0.45. In these circumstances, 
the low conversion steady state is the only attainable one 
in the absence of an external feedback controller. 

Except for very low conversion steady states located on 
the positively sloped portions of the operating curves, the 
eigenvalues of the matrix K in Equation (10) were com- 
plex for each steady state that was found. Thus the dis- 
crete transient response of the TRRM-recycle system has 
an oscillatory character in most cases. Reilly and Schmitz 
(9) noted that the real parts of the eigenvalues of the 
matrix K were positive for every steady state computed in 
their analysis of the PFTR-recycle system. This was not 
uniformly true for the system studied here. For U, = 0.79 
and intermediate values of the Peclet numbers and for 
N P e  = 5 md heat transfer coefficients greater than 0.20, 
for example, some steady states located on the lower por- 
tions of the operating curves are associated with complex 
eigenvalues with negative real parts. As discussed by 
Reilly and Schmitz ( l o ) ,  the significance of having eigen- 
values with negative real parts in a linear discrete system, 
such as Equation ( l o ) ,  is that the signs of the reactor en- 
trance concentration and temperature disturbances tend 
to alternate on successive passes around the recycle loop. 
Since the eigenvalues of K in the TRRM-recycle system 
analysis having negative real parts are also complex, how- 
ever, the entrance concentration and temperature disturb- 
ances would be expected to change sign every few cycles 
around the recycle loop anyway. Thus the fact that the 
eigenvalues of the discrete representation of the TRRM- 
recycle system transient behavior have negative real parts 
in some cases is not of great practical importance. 

As an illustration of the discrete transient response of 
the TRRM-recycle system, a selected limit cycle is plotted 
in Figure 4 in the coordinates, reactant concentration 
versus temperature. The initial condition of the fluid ele- 
ment is located near the unique unstable steady state, 
which is marked by a plus sign. The numbered points 
show the condition of the plug of fluid as it passes through 
the reactor entrance during successive passes around the 
recycle loop. The limit cycle is reached after approximately 
40 cycles around the recycle loop, and the period of the 
limit cycle is approximately 10 cycles. The reactor parame- 
ters that yielded the limit cycle include Npe = 2, U ,  = 
0.79, R, = 0.5, and VF = 3.015, and the operating point 
is located on the unstable portion of the steady state oper- 
ating curve, Npe = 2, in Figure 2. The transient response 
was generated by recursively integrating the reduced col- 
location forms of Equations (1)  and (2)  from z = 0 to 
z = 1, computing the radial average concentration and 
temperature at the reactor exit using Equations (20) and 
(21),  and using the recycle boundary conditions (5) to 
compute updated entrance conditions. 

THE TUBULAR REACTOR WITH AXIAL 
MIXING AND RECYCLE 

The mathematical model for the tubular reactor with 
axial mixing (TRAM) was given in Part I of this series 
(7).  The time-dependent reactant material and energy 
balances are 

REACTOR ENTRANCE TEMPERATURE 

Fig. 4. Discrete transient response and limit cycle for TRRM-recycle 
system. 

The boundary conditions for the TRAM-recycle system 
are obtained by substitution of the recycle boundary con- 
ditions, Equation (5) ,  for the reactor inlet conditions in 
the TRAM boundary conditions: 

z = o :  -- = y ( O ) - y o  Le, 2 1 

As in the analysis of the TRRM-recycle system, the 
entrance boundary conditions, Equation (26),  assume in- 
stantaneous recycle; however, unlike the TRRM-recycle 
system, the stability and transient response of the TRAM- 
recycle system are affected by the presence of dead time 
in the recycle line. 

Steady state behavior of the TRAM-recycle system is 
described by the equations 

and the boundary conditions, Equations (26) and (27). 
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Local Stability and Steady State Analysis 

As detailed elsewhere (6), the collocation method may 
be used to study the stability of the TRAM-recycle system. 
The method reduces the linearized equations 

to a set of 2m reduced collocation equations, describing 
the concentration and temperature disturbances at each 
of m collocation points. The reduced system is linear and 
homogeneous, has constant coefficients, and is conveniently 
written in the compact matrix-vector notation: 

dx 
dr 
- - = A X  

(32) 

The necessary and sufficient condition for local stability 
is that as the number of interior collocation points in- 
creases, the dominant eigenvalue of the matrix A con- 
verges to a constant value whose real part is negative. In 
a previous paper (6) it was shown that the dominant 
eigenvalue of the linearized TRAM-recycle equations, esti- 
mated using the collocation method, converges to a con- 
stant value in an oscillatory manner. This allows the local 
stability character to be established before convergence 
actually occurs, since once the amplitude of the oscilla- 
tions becomes less than the magnitude of the dominant 
eigenvalue itself, the sign cannot change as m is increased 
further. I t  should be noted, however, that convergence of 
the collocation method has not been proved, and it has 
even been found to diverge in a few cases (6). 

Steady state operating curves were generated for the 
TRAM-recycle system by using the Newton-Raphson pro- 
cedure, described in Part I, to obtain solutions of Equa- 
tions (28) and (29), satisfying the boundary conditions 
given in Equations (26) and (27). 

Ten collocation points were used in the local stability 
analysis. Marginally stable steady states, located on the 
boundaries of the region of instability, were obtained by 
half-interval search along each steady state operating 
curve. The steady state concentration and temperature at 
each collocation point were calculated using Newton's di- 
vided difference formula ( 3 )  to perform third-degree poly- 
nomial interpolation of the tabulated steady state profile 
data. The eigenvalues of the matrix A were computed 
using the QR method ( 4 ) ,  an iterative technique involv- 
ing successive unitary transformations of A. 

Numerical Results and Discussion 

Figures 5 and 6 show steady-state operating curves for 
N P e  = 100 and N p e  = 0 and for several values of the heat 
transfer coefficient. For a range of axial Peclet numbers 
and for U,. = 0.2 and U ,  = 0.79, similar results are shown 
in Figures 7 and 8. 

The operating curves and the region of instability, 
sliown in Figure 5 for the TRAM-recycle system, are al- 
most identical to those of the PFTR-recycle system, corn- 
puted by Reilly and Schmitz (9). The transitions between 
multiple and unique steady state behavior and those be- 
tween unstable and stable steady states occur for the same 
values of U ,  in both systems. Thus for N p e  = 100, the 

FEED TEMPERATURE 71, 

Fig.  5. Steady state operating curves for TRAM-recycle system. 

N,; 0 , R r = 0 . 5  

FEED TEMPERATURE 9, 

Fig. 6. Steady state operating curves for TRAM-recycle system. 

TRAM-recycle system behaves as if it were a PFTR- 
recycle system. For 0 L U ,  < 0.22, three steady states 
exist over limited ranges of the feed temperature, of which 
the intermediate conversion steady states are unstable and 
the low and high conversion steady states are locally 
stable. For feed temperatures outside these limited ranges, 
unique, locally stable steady states exist. For 0.22 U ,  < 
0.79, three steady states are still possible; however, the 
high conversion steady state is unstable in some cases, and 
the low conversion steady state is the only stable one. For 
0.79 f: U,. < 0.925, only unique steady states exist. Some 
of these unique steady states are unstable and exhibit limit 
cycle behavior. Unique unstable steady states and limit 
cycle behavior are also possible for U ,  slightly less than 
0.79. Finally, only unique, locally stable steady states are 
possible for U ,  0.925. 

For N p e  = 0 (infinite axial mixing), the TRAM-recycle 
system is equivalent to the continuous stirred-tank reactor 
with recycle (CSTR-recycle) . As the heat transfer coeffi- 
cient increases, the transitions from one type of behavior 
to another occur at U ,  = 0.13, 0.64, and 0.88 in the order 
noted earlier for Npe = 100 (Figure 6). 

Figures 7 and 8 show that as the axial Peclet numbers 
vary, the steady state operating curves exhibit uniform 
transitions between the operating curves of the equiva- 
lent CSTR-recycle and PFTR-recycle systems. For U ,  = 
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Fig. 8. Steady state operating curves for TRAM-recycle system. 

0.20 (Figure 7)  three steady states are possible over the 
full range of Peclet numbers, and unique steady states are 
locally stable. In most systems having three steady states, 
only the intermediate conversion steady state is unstable. 
When the axial Peclet numbers are less than seven, the 
high conversion steady state of systems having three steady 
states is unstable in some cases. For U ,  = 0.79 (Figure 8) 
only unique steady states exist, and unique unstable steady 
states are possible over the full range of Peclet numbers, 
leading to limit cycle behavior. 

Transient Response to Uniform and Split Disturbances 

A severe limitation of the mathematical model for the 
PFTR-recycle system is that it cannot predict the correct 
transient response to disturbances from the steady state 
profiles that are discontinuous or cross over the steady 
state profiles of unstable steady states. In the absence of 
axial mixing, each element of fluid in the system is inde- 
pendent, which allows discontinuities to occur in the tem- 
perature and concentration profiles. All real physical re- 
actor systems have some degree of axial mixing, how- 
ever, and therefore discontinuities in the concentration 
and temperature profiles cannot be sustained. 

The transient responses of two TRAM-recycle systems 
were obtained for two types of disturbances from unstable 
steady states. Finite-difference solutions of the unsteady 
state material and energy balances were generated for 
both the uniform disturbance 

A 

d z )  = b 
(33) 

and the split disturbance 

u [ O . ~ ( C O S ~ P Z  - l)]; 0 4 z 4 0.25 
a s i n [ & ~ ( z  - O S ) ] ;  0.25 z 6 0.75 
a [O.~(COS [ ~ P ( z  - 0.75)] +1)3;  0 . 7 5 6 ~ A  1 

(34) 

A 

The split disturbance, given in Equation (34),  is a 
caoiitinuous function of z, and is formulated such that it is 
positive over half of the system and negative over the 
other half. In addition, the constants a and b in Equations 
(33) and (34) were always chosen to be of opposite sign 
in order to obtain concentration and temperature distur- 
bances of opposite sign. Because the transient responses of 
the concentration profiles are similar to those of the tem- 
perature profiles, only graphs of the latter are given here. 

System A, whose parameters are Npe = 100, U ,  = 0.45, 
and V F  = 2.727, has three steady states, of which only the 
intermediate one is unstable. Its responses to a uniform 

Npe = 100, U, = 0 . 4 5 ,  R r  = 0 . 5 ,  7$= 2.727049 
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Fig. 9. Transient response of TRAM-recycle system A to uniform dir- 
turbances. 
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Fig. lob. Transient response of TRAM-recycle system A to a split 
disturbance ( f o r t  2 3.1). 

negative concentration and positive temperature distur- 
bance (a = -0.001, b = 0.01) and to a similar distur- 
bance of opposite sign are shown in Figure 9. The re- 
sponses are similar to those that would be predicted by 
the model for the PFTR-recycle system; that is, the posi- 
tive temperature disturbance decayed to the high tem- 
perature steady state after initially overshooting its steady 
state profiles, while the negative temperature disturbance 
decayed to the low temperature steady state. The response 
of system A to the split disturbance, Equation (34), with 
a = 0.02 and b = -0.05 is shown in Figures 10a and 
lob. After an initial period of oscillation, lasting about 
three time units, the system moved toward, overshot, and 
finally came to rest at the high temperature steady state. 
The response of a similar PFTR-recycle system to the 
same split disturbance would ultimately leave part of the 
system at the high temperature steady state and the re- 
mainder at the low temperature steady state, resulting in 
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abrupt discontinuities in the concentration and tempera- 
ture profiles. 

System B, whoseparameters are N p e  = 100, U, = 0.79, 
and VF = 2.90, has a unique unstable steady state, which 
exhibits the limit cycle plotted in Figure 11. The period 
of the limit cycle is approximately 17 time units. The ini- 
tial condition used to generate the limit cycle was the 
uniform disturbance, Equation (33), with a = -0.001 
and b = 0.01. The system took approximately 70 time 
units to attain the limit cycle from this initial condition. 
Figure 12 shows the initial transient response of system B 
to the split disturbance, Equation (34),  with a = -0.05 
and b = 0.10. After approximately five time units, the 
split nature of the disturbance has disappeared, and the 
system eventually approaches the limit cycle plotted in 
Figure 11. The response of a similar PFTR-recycle system 
to the same split disturbance would again be unrealisti- 
abrupt discontinuities would develop in the concentration 

N,, = 100, Ur = 0.79, R ,  =0.5, 7& 52.90 
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and temperature profiles as different segments of the fluid 
elements in the reactor approach different parts of the 
limit cycle. Thus in simulations of the transient behavior 
of tubular reactor-recycle systems, it is important to in- 
clude axial mixing effects in the mathematical model in 
order to predict the correct response to all types of distur- 
bances. 

Comparison of Radial and Axial Effects 
A comparison between the operating curves of the 

TRRM-recycle system and those of the TRAM-recycle sys- 
tem shows that the tubular reactor-recycle system is much 
more sensitive to changes in the radial Peclet numbers 
than to changes in the axial Peclet numbers. In most 
cases the number of steady states that occur and the local 
stability character of the steady states remain the same in 
the TRAM-recycle system as axial mixing varies over a 
wide range. In the TRRM-recycle system, however, rela- 
tively small variations in the radial Peclet numbers can 
cause a significant change in the character of the system 
operating condition. 

For example, Figure 8 shows that for 7~ = 2.90 and 
U ,  = 0.79, the TRAM-recycle system possesses a unique 
unstable steady state and exhibits limit cycle behavior for 
axial Peclet numbers between approximately 1.0 and 4.0. 
Figure 2 shows that the TRRM-recycle system possesses 
a unique low conversion steady state for radial Peclet 
numbers equal to 2.5, two locally stable and one unstable 
steady state for N P e  = 3.0, and a unique high conversion 
steady state for Peclet numbers greater than about 3.5. 
The sensitivity of the TRRM-recycle system to variations 
in the radial Peclet numbers increases as the heat transfer 
coefficient increases, since the steady state operating 
curves for the two limiting cases-the PFTR-recycle sys- 
tem with U,’ = 0 and V,l = 2Vr-move further apart as 
U ,  increases. When recycle flow is large relative to the 
reactor throughput, the recycle line provides the dominant 
mode of axial mass and energy feedback. Thus the tubular 
reactor-recycle system is not expected to be particularly 
sensitive to axial Peclet number variations, particularly 
when the axial Peclet numbers are large. 
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NOTATION 

a 
A 

b 
C = reactant concentration, g.-mole/cc. 
C, 
D = effective diffusivity, sq.cm./sec. 
E = activation energy, cal./g.-mole 
f ( r )  = hypothetical function of r 
f,, f, = functions used in discrete representation of 

( - - A H r )  = heat of reaction, cal./g.-mole 
ko = frequency factor, sec.-l 
kd 
K 

L = reactor length, cm. 
m 
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= algebraic constant as defined in Part I1 and text 
= matrix used in local stability analysis of TRAM- 

= algebraic constant as defined in Part I1 and text 

= heat capacity of fluid, cal./ (g.-mole) ( O K . )  

recycle system 

TRRM-recycle transient behavior 

= dimensionless frequency factor (koL/u) 
= matrix used in local stability analysis of TRRM- 

recycle system 

= number of interior collocation points 

Ripe = axial or radial heat transfer Peclet number (uL/a! 

N p e .  = axial or radial mass transfer Peclet number ( u L / D  
or uR’Z/La) 

or u F 2 / L D )  
I’ = dimensionless radial position (f’/R’) 
r‘ = radial position, cm. 
I’, = ith radial collocation point 
R = gas constant, 1.987 cal./(g.-mole) ( O K . )  

R’ = reactor tube radius, cm. 
R ,  = fraction reactor effluent that is recycled 
R ( y, 7) = dimensionless reaction rate 
RY( y, 7) = a w a y  
R,(y, 7) = a w a 7  
rn,(z) = ~ Y ( Y S S , 7 S S )  

B, ( z )  = R $ ( Y S S > 7 S S )  

t = time, sec. 
T = temperature, O K .  

U 

U ,  

= wall heat transfer coefficient, cal./ (sq.cm.) (sec.) 

= dimensionless wall heat transfer coefficient 
(OK.) 

u, = ay/ayo 
u, = ay/aTo. 

v, = aT/ayo 
v, = aT/aqo 

(TRRM: UL/pCpR’u, TRAM: 2UL/pC,R’u) 

u = flow velocity, cm./sec. 

W, 

.r = axial position, cm. 
y = dimensionless reactant concentration ( C/CF) 
z = dimensionless axial position ( x / L )  
z1 = ith axial collocation point 

Greek Letters 
a = thermal dsusivity, sq.cm./sec. 
7 = dimensionless activation energy 

q 
p = fluid density, g./cc. 
T = dimensionless time ( u t / L )  

Superscripk 
A 
- = radial average value 
(k) = cycle number 

Subscripts 
F 
0 
ss 
tu 

= collocation constants used in quadrature expres- 
sion 

( pC&/ ( -AH,) CFR ) 
= dimensionless temperature (pC,T/ ( -AH,) CF) 

= disturbance from steady state condition 

= evaluated at feed stream conditions 
= evaluated at reactor entrance conditions 
= evaluated at steady state conditions 
= evaluated at  wall conditions 
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